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1. Introduction
The infinite-volume phase shift observed in experiment and the finite-
volume spectrum obtained from Lattice QCD proved to be related by the
model independent Lu¨scher’s formula1–3. Another equivalent approach
connecting them is Hamiltonian effective field theory (HEFT)4–7. In
HEFT, one has the infinite- and finite-volume Hamiltonians parameterized
by a common set of parameters. The phase shift can be predicted through
the Hamiltonian constrained by the Lattice QCD spectrum.
As a consequence of the violation of spherical symmetry in the finite
volume, the partial wave quantum numbers (l,m) fail to be good ones.
That different partial waves are mixed in the finite volume is called partial-
wave mixing. Here we explore partial-wave mixing in HEFT, and provide
the P-Matrix defined in Eq. (4) to reflect the degree of partial-wave mix-
ing. Finally, an example of isospin-2 pipi scattering is used to examine the
consistency between this method and Lu¨scher’s method.
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2. Partial Wave Mixing in HEFT
In the infinite volume, to utilize the spherical symmetry, one combines the
plane wave states |k〉 with spherical harmonics Yl,m(pˆ) to define
|k; l,m〉 :=
∫
dΩkˆ Ylm(kˆ) |k〉 . (1)
Then spherical symmetry only allows interactions of the following form
Vˆ =
∫
k′2 dk′
(2pi)3
∫
k2 dk
(2pi)3
∑
l,m
vl(k
′, k) |k′; l,m〉 〈k; l,m| . (2)
In the finite volume, only the periodic plane wave states denoted by |n〉
will survive. Therefore the integration in Eq. (1) should be replaced by a
summation of discrete momentum. Furthermore, one can define new states
in the finite volume as follows
|N ; l,m〉 =
∑
|n|2=N
√
4pi Ylm(nˆ) |n〉 . (3)
That |N ; l,m〉 are in general not orthogonal to each other reflects the
partial-wave mixing. One can define the inner product matrix (named
as P-Matrix)
[PN ]l′,m′;l,m := 〈N ; l′,m′|N ; l,m〉 = 4pi
∑
|n|2=N
Y ∗l′m′(nˆ)Ylm(nˆ) (4)
to show the degree of partial-wave mixing. If one considers a finite but
non-zero momentum 2pi
√
N/L, in the infinite-volume limit L → ∞, one
can see the recovery of the spherical symmetry as follows
[PN ]l′,m′;l,m
N→∞−−−−→ C3(N) δl′,l δm′,m , (5)
where C3(N) counts the n satisfying |n|2 = N . Here we provide a few
examples of the numerical values for PN/C3(N) with N = 1 and 941 in
Fig. 1, and it is indeed approaching to an identity matrix.
To make use of the finite-volume symmetry, one combines |N ; l,m〉 into
states that respect the cubic symmetry
|N, l; Γ, f, α〉 =
∑
m
[Cl]Γ,f,α;m |N ; l,m〉 , (6)
where (Γ, f, α) represents the α-th vector of the f -th occurrence (in a given
l) of the irreducible representation Γ, and [Cl]Γ,f,α;m are group theoretic
constants independent of N . The inner products between |N, l; Γ, f, α〉
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relate to the P-Matrix directly from the definition. The states after or-
thonormalization will be the final basis.
Working with |n〉, one uses a momentum cutoff Ncut to make the finite-
volume Hamiltonian of finite dimension. With |N ; l,m〉, one then uses a
partial wave cut lcut to decouple the potential from high partial waves.
With |N, l; Γ, f, α〉, different irreducible representations of the cubic group
are also decoupled. Finally, the final dimension of the finite-volume Hamil-
tonian will be significantly reduced.
Fig. 1. PN/C3(N) with N = 1, 941 and C3(N) = 6, 552 respectively: The 25 × 25
matrix ordered as (l,m) = (0, 0), (1,−1), (1, 0), (1, 1), · · · , (4, 4).
3. Example of Isospin-2 pipi Scattering
The parametrization for the potential is chosen to be (measured in units of
lattice spacings)
vl(p, k) = fl(p)Gl fl(k) , fl(k) =
(dl k)
l
(1 + (dl k)2)
l/2+2
, (7)
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Fig. 2. Left: Data points describe the lattice spectrum for irreps A+1 , E
+, T+2 –
from Ref. 8. Dashed curves represent the non-interacting rest-frame pion-pair ener-
gies 2
√
m2pi + k
2
N . Solid curves represent the HEFT prediction of the volume dependent
spectrum using the fitted parameters. Right: Data points are phase shifts predicted by
Lu¨scher’s method – from Ref. 8. Solid curves represent the HEFT prediction of the s-
(top), d- (middle) and g- (bottom) wave phase shifts and the scattered points describe
the uncertainty.
where there are 2 parameters Gl and dl for each partial wave. The partial
wave cut lcut = 4 and Bose symmetry only allow s-, d- and g-waves. The
lattice QCD results from Ref. 8 and the HEFT results are shown in Fig. 2,
in which HEFT and Lu¨scher’s method are indeed consistent.
4. Summary
We have explored partial-wave mixing in the finite volume based on HEFT,
and provided the P-Matrix defined in Eq. (4) to show the degree of partial-
wave mixing. Then an example of isospin-2 pipi scattering was used to check
the consistency between HEFT and Lu¨scher’s method.
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